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Review

• Computational Problems

– Well-defined Input, output constrain

• Set Theory Basics

– Definition, representation, operation, set identities
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Review

• Generalized Union/Intersection

– ⋃𝐴 = 𝑥 ∃𝑧 𝑧 ∈ 𝐴 ∧ 𝑥 ∈ 𝑧

– ⋂𝐴 = {𝑥|(∀𝑧)(𝑧 ∈ 𝐴 → 𝑥 ∈ 𝑧)}

• Rethink about ∅

– ⋃∅ = ∅

– ∩∅ is undefined
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How we investigate computability?

2.1 Discussion on 

Problems
2.2 Discussion on 

Computation

2.3 Discussion on 

computability

Part1. Intro & Set theory(I) : 

Basics & Formal Language.

Part2. Set Theory(II): Axiom 

system & Cardinality.

Part3. Capture Structures: 

Binary Relation & Function

Part1. Turing Machine Basics.

Part2. Variants of Turing 

Machine. Church-Turing Thesis.

Part1. The Language of Turing 

Machine. R & RE

Part2. Undecidability.
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Solve Decision Problem 

Decider

True

False

string

A known set of strings S,
determines whether 

input string belongs to S

Input
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Formal Language Theory

𝒂, 𝒃, 𝒄…
∧ ∨ ¬ ( )

𝒂 ∨ 𝒃 ∧ (¬𝒃 ∨ 𝒄)

∨∧ 𝒂𝒃𝒄
𝒂 ∧ ¬𝒂

𝒂 ∨ 𝒃 ∧ (¬𝒃 ∨ 𝒄)
…

𝒂, b , c
𝒂 ∨ 𝒃 ∧ (¬𝒃 ∨ 𝒄)

…

finite sequence

All strings

subset of Σ∗

Alphabet: Σ A string

Set of all string : Σ∗A language
Languages 
are sets of 
strings.

Strings are 
finite sequence 
of characters

Characters are 
individual 
symbols

Alphabets are finite, non-empty 
sets of characters
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Language Recognizing

Throughout the whole course of computability, we’ll focus on the 

membership problem of a language, or language recognizing, that is:

Given a language 𝐿 and take 𝑤 as input, determine whether 𝑤 ∈ 𝐿.

2023/11/22 7



What problems can a computer solve?

What languages can a computer recognize?

2023/11/22 8



Recap: Solving Decision Problem

For any decision problem, we can define a predicate P:

𝑃 𝑥 : (𝑥 𝑖𝑠 𝑎 𝑣𝑎𝑙𝑖𝑑 𝑖𝑛𝑝𝑢𝑡) ∧ (𝑥 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑎𝑠𝑘𝑠)

Then we can build the set:

𝑆 = 𝑥 𝑃 𝑥

Then the decision problem can be converted to:

Take 𝑥 as input and decide whether 𝑥 ∈ 𝑆, that 𝑆 is a known set.
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内涵表示法



Intuitive formulation of sets is called naive set theory – goes back to 

German mathematician George Cantor (1800’s) 

In naive set theory, {𝒙|𝑷(𝒙)} is a set, for any predicate 𝑷

Naïve Set Theory
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So we can build a set 𝑆 with predicate 𝑷 𝒙 : 𝒙 ∉ 𝒙, that is the set which 

doesn’t contain itself:

𝑺 = 𝒙 𝒙 ∉ 𝒙

Also recall that for any set 𝑨 and any object 𝒂, either 𝒂 ∈ 𝑨 or 𝒂 ∉ 𝑨

𝑺 ∈ 𝑺 or 𝑺 ∉ 𝑺 ?

Set of objects that doesn’t contain itself
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If 𝑺 ∈ 𝑺, according to the set construction process, 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, 

which means 𝑺 ∉ 𝑺, so we get:

𝑺 ∈ 𝑺 ⇒ 𝑺 ∉ 𝑺

𝑺 = {𝒙|𝒙 ∉ 𝒙}
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If 𝑺 ∈ 𝑺, according to the set construction process, 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, 

which means 𝑺 ∉ 𝑺, so we get:

𝑺 ∈ 𝑺 ⇒ 𝑺 ∉ 𝑺

If 𝑺 ∉ 𝑺, then the predicate 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, then we can assert that 

𝑺 ∈ 𝑺, so we get:

𝑺 ∉ 𝑺 ⇒ 𝑺 ∈ 𝑺

𝑺 = {𝒙|𝒙 ∉ 𝒙}
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If 𝑺 ∈ 𝑺, according to the set construction process, 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, 

which means 𝑺 ∉ 𝑺, so we get:

𝑺 ∈ 𝑺 ⇒ 𝑺 ∉ 𝑺

If 𝑺 ∉ 𝑺, then the predicate 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, then we can assert that 

𝑺 ∈ 𝑺, so we get:

𝑺 ∉ 𝑺 ⇒ 𝑺 ∈ 𝑺

The results above lead to :

𝑺 ∉ 𝑺 ⇔ 𝑺 ∈ 𝑺

𝑺 = {𝒙|𝒙 ∉ 𝒙}
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If 𝑺 ∈ 𝑺, according to the set construction process, 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, 

which means 𝑺 ∉ 𝑺, so we get:

𝑺 ∈ 𝑺 ⇒ 𝑺 ∉ 𝑺

If 𝑺 ∉ 𝑺, then the predicate 𝑷 𝑺 : 𝒙 ∉ 𝒙 is true, then we can assert that 

𝑺 ∈ 𝑺, so we get:

𝑺 ∉ 𝑺 ⇒ 𝑺 ∈ 𝑺

The results above lead to :

𝑺 ∉ 𝑺 ⇔ 𝑺 ∈ 𝑺

𝑺 = {𝒙|𝒙 ∉ 𝒙}
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It’s a logic paradox!!Can’t be true!!



This paradox is called Russell’s paradox, discovered by Bertrand 

Russell in 1901, showed that some attempted formalizations of 

the naïve set theory created by Georg Cantor led to a 

contradiction.

Russell’s Paradox
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To solve this paradox, Ernst Zermelo and Abraham Fraenkel 

proposed an axiomatization of set theory called ZF axioms that 

avoided the paradoxes of naïve set theory. 

ZF set theory is the most general accepted axiom system of set 

theory now.

Russell’s Paradox: Solution
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• ZF.1 Axiom of extensionality（外延公理）

• ZF.2 Axiom of the empty set （空集合存在公理）

• ZF.3 Axiom of pairing （无序对集合存在公理）

• ZF.4 Axiom of union （并集合公理）

• ZF.5 Subset axiom schema(子集公理模式) 

• ZF.6 Axiom of power set （幂集合公理）

• ZF.7 Axiom of regularity (正则公理) 

• ZF.8 Axiom of infinity（无穷公理）

• ZF.9 Axiom of replacement （替换公理）

• ZF.10 Axiom of choice（选择公理）

ZF Axiom System
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ZF.5 Subset Axiom Schema（子集公理模式）
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• Russell’s paradox can be excluded by ZF.5 subset axiom schema 

and ZF.7 axiom of regularity.

• ZF.5 subset axiom scheme states that for any predicate 𝑃(𝑥), you 

can build a new set whose elements satisfy 𝑃 but in a given set.

P(x):x is blue

Prior Set A Apply P(x) in A



ZF.5 Subset Axiom Schema（子集公理模式）
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• In other words, for a set 𝑨, and predicate 𝑷(𝒙), set 𝒙 𝒙 ∈ 𝑨 ∧ 𝑷(𝒙)}
is valid under ZF axiom.

• From set 𝑨 and predicate 𝒙 ∈ 𝑩:

– 𝑨𝟎 = 𝒙 𝒙 ∈ 𝑨 ∧ 𝒙 ∈ 𝑩 = 𝑨 ∩ 𝑩

• From set 𝑨 and predicate 𝒙 ∉ 𝑩:

– 𝑨𝟎 = 𝒙 𝒙 ∈ 𝑨 ∧ 𝒙 ∉ 𝑩 = 𝑨 − 𝑩

• From a non-empty set 𝑨 and predicate (∀𝒚)(𝒚 ∈ 𝑨 → 𝒙 ∈ 𝒚):

– 𝐴𝑠 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦, 𝑠𝑜 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑠𝑒𝑡 𝑨𝟏 ∈ 𝑨

– 𝑨𝟎 = 𝒙 𝒙 ∈ 𝑨𝟏 ∧ ∀𝒚 𝒚 ∈ 𝑨 → 𝒙 ∈ 𝒚 = ⋂𝑨



ZF.5 & Russell’s Paradox
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• But Russell’s construction 𝑆 = 𝑥 𝑥 ∉ 𝑥} lacks the prior set 𝐴.



ZF.5 & Russell’s Paradox
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• But Russell’s construction 𝑆 = 𝑥 𝑥 ∉ 𝑥} lacks the prior set 𝐴.

What if there exists a set U contains all the sets, so that 
S={x|x∈U∧x∉x} satisfies subset axiom scheme?



ZF.7 Axiom of regularity （正则公理）
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• ZF.7 Axiom of regularity states that every non-empty set 𝑥 contains a 

member 𝑦 such that 𝑥 and 𝑦 are disjoint sets.

– 𝑦 is called the minimum element of 𝑥

∩ = ∅

minimum 
element

Every set has a 
minimum 
element



ZF.7 Axiom of regularity (正则公理）
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• For any set 𝑨, can 𝑨 ∈ 𝑨?

– Assume that 𝑨 ∈ 𝑨.

– We can build a new set 𝑨0 = {𝑨}.

– According to the ZF.7 axiom of regularity, set 𝑨𝟎 contains an element 

which is disjointed with 𝑨𝟎. As 𝑨𝟎 contains only one element 𝑨, so 𝑨𝟎 is 

disjointed with 𝑨.

– But 𝑨 ∈ 𝑨, and 𝑨 ∈ 𝑨𝟎, so 𝑨 ∩ 𝑨𝟎 ≠ ∅, this violates the axiom of regularity

– So 𝑨 ∉ 𝑨 for any set 𝑨.



ZF.7 & Russell’s Paradox
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• If such universal set 𝑼 exists, as 𝑼 is also a set, so we have 𝑼 ∈ 𝑼.

• But we know for any set 𝑥, we have 𝑥 ∉ 𝑥

• This means that 𝑼 doesn’t exists.

Russell’s paradox doesn’t exist in ZF set theory.

What if there exists a set U contains all the sets, so that 
S={x|x∈U∧x∉x} satisfies subset axiom scheme?

Does ∩∅ exist?



ZF Axiom System
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(外延公理)

(空集合存在公理)

(无序对存在公理)



ZF Axiom System
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(并集合公理)

(幂集合公理)

(子集公理模式)



ZF Axiom System
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(正则公理)

(无穷公理)



ZF Axiom System
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(替换公理模式)

(选择公理)



Size of “The set of all computer programs”

and

Size of “The set of all problems to solve”
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Cardinality of finite set
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• The cardinality of a set is the number of elements it contains. 

• If |𝐴| is a set, we denote its cardinality by writing |𝐴| or 𝑐𝑎𝑟𝑑(𝐴)

• Examples:

– |∅| = 𝑐𝑎𝑟𝑑 ∅ = 0

– 17,23 = 𝑐𝑎𝑟𝑑 17,23 = 2

– 𝑥 𝑥 ∈ 𝑁 ∧ 𝑥 < 157 = 𝑐𝑎𝑟𝑑 𝑥 𝑥 ∈ 𝑁 ∧ 𝑥 < 157 = 157

• Only finite set’s cardinality is a specific number



Cardinality with Set Operation
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• 𝐴1 ∪ 𝐴2 ≤ 𝐴1 + |𝐴2|

• 𝐴1 ∩ 𝐴2 ≤ min( 𝐴1 , 𝐴2 )

• 𝐴1 − 𝐴2 ≥ 𝐴1 − 𝐴2

• 𝐴1 ⊕𝐴2 = 𝐴1 + 𝐴2 − 2 𝐴1 ∩ 𝐴2

• | 𝐴1 ∪ 𝐴2 | = | 𝐴1 | + | 𝐴2 | − | 𝐴1 ∩ 𝐴2|



Cardinality of Union
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A

U

B



Cardinality of Union
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A

U

B

𝐴 + 𝐵



Cardinality of Union
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A

U

B

𝐴 + 𝐵 − |𝐴 ∩ 𝐵|



Cardinality of Union
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A

U

B

𝐴 ∪ 𝐵 = 𝐴 + 𝐵 − |𝐴 ∩ 𝐵|



A Problem
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• Question: Find the number of positive integers not exceeding 100 

that are not divisible by 5 or 7.



A Problem
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• Question: Find the number of positive integers not exceeding 100 

that are not divisible by 5 or 7.

• Answer:

Universe 𝑈 = 𝑛 𝑛 ≤ 100 , 𝐴5 = 𝑛 𝑛 ≤ 100 ∧ 5 𝑛 , 𝐴7 = 𝑛 𝑛 ≤ 100 ∧ 7 𝑛

Numbers divisible by 5 or 7 = 𝐴5 ∪ 𝐴7

So results = 𝑈 − |𝐴5 ∪ 𝐴7|

d|n means that n is divisible by d 



A Problem
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• Question: Find the number of positive integers not exceeding 100 

that are not divisible by 5 or 7.

• Answer:

Universe 𝑈 = 𝑛 𝑛 ≤ 100 , 𝐴5 = 𝑛 𝑛 ≤ 100 ∧ 5 𝑛 , 𝐴7 = 𝑛 𝑛 ≤ 100 ∧ 7 𝑛

Numbers divisible by 5 or 7 = 𝐴5 ∪ 𝐴7

So results = 𝑈 − |𝐴5 ∪ 𝐴7|

𝐴5 ∪ 𝐴7 = 𝐴5 + 𝐴7 − A5 ∩ 𝐴7 =
100

5
+
100

7
−
100

5 ∗ 7
= 20 + 14 − 2 = 32

So results = 100-32=68

d|n means that n is divisible by d 



Principle of Inclusion and Exclusion(容斥定理)
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|𝐴1 ∪ 𝐴2 ∪⋯∪ 𝐴𝑛| = σ1≤𝑖≤𝑛 𝐴𝑖 − σ1≤𝑖<𝑗≤𝑛 𝐴𝑖 ∩ A𝑗 +

σ1≤𝑖<𝑗<𝑘≤𝑛 𝐴𝑖 ∩ 𝐴𝑗 ∩ 𝐴𝑘 +⋯+ −1 𝑛−1|𝐴1 ∩ 𝐴2 ∩ 𝐴3 ∩⋯∩ 𝐴𝑛|

n=2: 𝐴1 ∪ 𝐴2 = 𝐴1 + 𝐴2 − |𝐴1 ∩ 𝐴2|

n=3: 𝐴1 ∪ 𝐴2 ∪ 𝐴3 =

𝐴1 + |𝐴2 +|𝐴3 − 𝐴1 ∩ 𝐴2 − 𝐴1 ∩ 𝐴3 − 𝐴2 ∩ 𝐴3 + 𝐴1 ∩ 𝐴2 ∩ 𝐴3



Cardinality of Infinite Set
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• What is the cardinality of infinite set? 

• Can we simply define the cardinality of all infinite sets as ∞?

• Or are there infinite sets of different sizes?
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Cardinality of Infinite Set
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• The cardinality of ℕ can’t be a natural number, since it’s infinitely large.

• Let’s define ℵ0 = ℕ
– ℵ0 is pronounced ”aleph-zero”, ”aleph-nought”, or ”aleph-null”（阿涅夫零）

• Now consider the set 𝑺 = {𝒏|𝒏 ∈ ℕ ∧ 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏}

• What is |𝑆|? Is it half of ℵ0?



Comparing Cardinalities
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Comparing Cardinalities

2023/11/22 46

For set 𝐴 and 𝐵, A and B are equianumerous (等势) if there is a way 

to pair their elements off without leaving any elements uncovered, 

marked as 𝐴≈𝐵. Otherwise marked as ¬𝐴≈𝐵.

A

B

A≈B
|A|=|B|



Comparing Cardinalities
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For set 𝐴 and 𝐵, 𝑐𝑎𝑟𝑑 𝐴 ≤ 𝑐𝑎𝑟𝑑 𝐵 if there is a way to pair their 

elements off without leaving any elements of A uncovered.

A

B

|A|≤|B|



Comparing Cardinalities
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For set 𝐴 and 𝐵, 𝑐𝑎𝑟𝑑 𝐴 < 𝑐𝑎𝑟𝑑(𝐵) if 𝑐𝑎𝑟𝑑 𝐴 ≤ 𝑐𝑎𝑟𝑑 𝐵 and

¬𝐴 ≈ 𝐵.

A

B

|A|<|B|

Everything 
has been 
paired up,
and this 
one is all 
alone.



ℕ and Non-negative Even Integer
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ℕ

𝑆

𝑺 = {𝒏|𝒏 ∈ ℕ ∧ 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏}

0 1 2 3 4 5 6 7 8 9 …

0 2 4 6 8 …



ℕ and Non-negative Even Integer
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ℕ

𝑆

𝑺 = {𝒏|𝒏 ∈ ℕ ∧ 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏}

0 1 2 3 4 5 6 7 8 9 …

0 2 4 6 8 10 12 14 16 18 …

𝒏↔ 𝟐𝒏

𝑺 = ℕ = ℵ𝟎



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

… -4 -3 -2 -1 0 1 2 3 4 …



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 1 2 3 4 …

… -4 -3 -2 -1



ℕ and ℤ

2023/11/22 53

ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 1 2 3 4 …

… -4 -3 -2 -1



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 1 2 3 4 …

… -4 -3 -2 -1



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 -1 1 -2 2 -3 3 -4 4 -5 …



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 -1 1 -2 2 -3 3 -4 4 -5 …



ℕ and ℤ
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ℕ

ℤ

0 1 2 3 4 5 6 7 8 9 …

0 -1 1 -2 2 -3 3 -4 4 -5 …

𝒏↔ −𝟏 𝒏[
𝒏

𝟐
]

ℤ = ℕ = ℵ𝟎



Countable Set
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• A set is countable if the cardinality of which is smaller than or equal 

to that of the set of all natural number.

– 𝑨 is countable if 𝑨 ≤ ℵ𝟎

• All finite sets are countable.

• As ℤ = ℚ = ℕ , ℤ and ℚ are also countable sets.



Do all infinite sets have the same cardinality?
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Power Set
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• Donate the power set of set 𝑨 as 𝓟 𝑨 or 2𝑨

• 𝐴 = {1,2,3}

– 𝓟 𝑨 = ∅, 1 , 2 , 3 , 1,2 , 1,3 , 2,3 , 1,2,3

• For finite set 𝑨 with 𝑨 = 𝑛, what is |𝓟 𝑨 |?



Cardinality of Power Set
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• For finite set 𝑨 with 𝑨 = 𝑛, we can use a binary string of length 𝑛 to 

represent its subset.

1 2 3 4 5 6 … n

0 0 1 1 0 1 … 1

0 means the subset 
doesn’t contain 
corresponding 
element

1 means the subset 
contains corresponding 
element



Cardinality of Power Set
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• For finite set 𝑨 with 𝑨 = 𝑛, we can use a binary string of length 𝑛 to 

represent its subset.

• Every binary string represent an unique subset

– Let 𝑨 = 1,2,3,4 , then 0101 represents 2,4 and 0011 represents {3,4}

• There are 2𝑛 different binary string of length n, so 𝑨 has 2𝑛 subsets.

• So 𝓟 𝑨 = 2𝑛 = 2|𝑨|



Cardinality of Power Set
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• As 2𝑛 > 𝑛 for all positive integer 𝑛, we can get

𝓟 𝑨 = 2|𝑨| > |𝑨|

for all finite sets 𝑨

• Does 𝓟 𝑺 > |𝑺| for all infinite sets 𝑺?



Power Set of Infinite Set
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• For an infinite set 𝑺 = {𝒙𝟎, 𝒙𝟏, 𝒙𝟐, … }, we assume that 𝓟 𝑺 ≈ 𝑺

• It means we can pair up the elements of 𝑺 and the elements of 𝓟 𝑺
without leaving anything out.



Power Set of Infinite Set
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• For an infinite set 𝑺 = {𝒙𝟎, 𝒙𝟏, 𝒙𝟐, … }, we assume that 𝓟 𝑺 ≈ 𝑺

• It means we can pair up the elements of 𝑺 and the elements of 𝓟 𝑺
without leaving anything out.

subset of 𝑺



Power Set of Infinite Set
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• For an infinite set 𝑺 = {𝒙𝟎, 𝒙𝟏, 𝒙𝟐, … }, we assume that 𝓟 𝑺 ≈ 𝑺

• It means we can pair up the elements of 𝑺 and the subset of 𝑺
without leaving anything out.

What would that look like?
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x0 {x0,x2,x4,…}

x1 {x3,x5,…}

x2 {x0,x1,x2,x5,…}

x3 {x1,x4,…}

x4 {x2,…}

x5 {x0,x4,x5,…}

… {…}
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x0 x1 x2 x3 x4 x5 …

x0 {x0,x2,x4,…}

x1 {x3,x5,…}

x2 {x0,x1,x2,x5,…}

x3 {x1,x4,…}

x4 {x2,…}

x5 {x0,x4,x5,…}

… {…}
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

{

{

{

{

{

{

{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x0, x2, x5,

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{

Flip this set. 
Swap what’s 
included and 

what’s excluded
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{

Which element 
is paired with 

this set?
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{
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x0 x1 x2 x3 x4 x5 …

x0 x0, x2, x4, …

x1 x3, x5, …

x2 x0, x2, x5, …

x3 x1, x4, …

x4 x2, …

x5 x0, x4, x5, …

… … … … … … … …

x1, x3, x4, …

{

{

{

{

{

{

{

}

}

}

}

}

}

}

}{

No element can 
be paired with 

this set!!!



The Cantor’s Theorem
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• It’s obvious that 𝑺 ≤ 𝓟 𝑺 as every elements of 𝑺 can construct a 

subset of 𝑺, it’s easy to pair 𝑺 with 𝓟 𝑺 without leaving any element 

of 𝑺.

• And we have ¬𝑺 ≈ 𝓟 𝑺 from the diagonalization proof.

• So we have the Cantor’s Theorem: Every set is strictly smaller than 

its power set: 

|𝑺| < |𝓟 𝑺 | for any set 𝑺



Infinite Cardinalities
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• By Cantor’s Theorem:

ℕ < |𝓟 ℕ |
𝓟(ℕ) < |𝓟(𝓟 ℕ )|

𝓟(𝓟(ℕ)) < |𝓟(𝓟(𝓟 ℕ ))|
𝓟(𝓟(𝓟(ℕ))) < |𝓟(𝓟(𝓟(𝓟 ℕ )))|

…

• Not all infinite sets have the same size!

• There is no biggest infinity!

• There are infinitely many infinities!



Size of “The set of all computer programs”

and

Size of “The set of all problems to solve”
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Strings and Programs

2023/11/22 83

• The source code of a computer program is just a (long, structured, 

well-commented) string of text.

• All programs are strings, but not all strings are necessarily programs.



Strings and Programs
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• The source code of a computer program is just a (long, structured, 

well-commented) string of text.

• All programs are strings, but not all strings are necessarily programs.

All 
possible 

programs

All possible 
strings

|Programs| ≤ |Strings|



Strings and Problems
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• There is a connection between the number of sets of strings and the 

number of problems to solve.

• Let S be any set of strings. This set S gives rise to a problem to solve:

Give a string 𝒘, determine whether 𝒘 ∈ 𝑺.



Strings and Problems
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• There is a connection between the number of sets of strings and the 

number of problems to solve.

• Let S be any set of strings. This set S gives rise to a problem to solve:

Give a string 𝒘, determine whether 𝒘 ∈ 𝑺.

Problems
formed 

from sets 
of strings

All possible 
problems

|Set of Strings| ≤ |Problems|



Where We’re Going
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• A string is a sequence of characters. 

– There are at most as many programs as there are strings.

– There are at least as many problems as there are sets of strings.



Where We’re Going
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• A string is a sequence of characters. 

– There are at most as many programs as there are strings.

– There are at least as many problems as there are sets of strings.

|Programs| ≤ |Strings|



Where We’re Going
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• A string is a sequence of characters. 

– There are at most as many programs as there are strings.

– There are at least as many problems as there are sets of strings.

|Set of strings| ≤ |Problems||Programs| ≤ |Strings|



Where We’re Going

2023/11/22 90

• A string is a sequence of characters. 

– There are at most as many programs as there are strings.

– There are at least as many problems as there are sets of strings.

• From Cantor's Theorem, we know that there are more sets of 

strings than strings

|Set of strings| ≤ |Problems||Programs| ≤ |Strings| <



|Programs|<|Problems|!!!
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Frustrating Result
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• There are more problems to solve than there are programs to solve 

them.

– Some problems can not be solved by programs

• Using more advanced set theory, we can show that there are infinitely 

more problems than solutions.

• In fact, if you pick a totally random problem, the probability that you 

can solve it is zero.



Size of “The set of all computer programs”

is strictly smaller than

Size of “The set of all problems to solve”
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Next

Capture the structure of a problem.

– Binary relations.

Other fundamental tools.

– Functions
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ℕ and ℚ
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ℕ 0 1 2 3 4 5 6 7 8 9 …

ℚ
𝑎

𝑏
,𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℤ, 𝑏 ∈ ℤ, 𝑏 ≠ 0

numerator

denominator



ℕ and ℚ
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ℕ

ℚ′

0 1 2 3 4 5 6 7 8 9 …

… … -2 -1 1 2 3 …

0 … 0 0 0 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …

contains all the 
rational number
(may duplicated)

numerator

denominator



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 0 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ

2023/11/22 99

ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …

corresponding 
element in ℕelement in ℚ



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/1 1/2 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …

0 has been paired, skip



ℕ and ℚ

2023/11/22 102

ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/1 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-1 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-2 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ

2023/11/22 107

ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-24 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-24 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-1 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ

2023/11/22 109

ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 0 0 …

1 … 1/-24 1/-13 1/12 1/21 1/3 …

2 … 2/-2 2/-15 2/1 2/2 2/3 …

3 … 3/-2 3/-1 3/1 3/2 3/3 …

4 … 4/-2 4/-1 4/1 4/2 4/3 …

… … … … … … … …



ℕ and ℚ
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ℚ′

… … -2 -1 1 2 3 …

0 … 0 0 00 00 014 …

1 … 1/-24 1/-13 1/12 1/21 1/38 …

2 … 2/-2 2/-15 2/16 2/2 2/37 …

3 … 3/-214 3/-113 3/112 3/211 3/3 …

4 … 4/-2 4/-120 4/121 4/2 4/322 …

… … … … … … … …

We’ve paring ℕ and ℚ!!!



ℕ and ℚ
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ℕ 0 1 2 3 4 5 6 7 8 9 …

ℚ
𝑎

𝑏
,𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℤ, 𝑏 ∈ ℤ, 𝑏 ≠ 0

ℚ = ℕ = ℵ𝟎


